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Abstract

In this paper, natural convection stability of molten potassium in inclined cylindrical annulus under the influence of a radial magnetic
field is investigated numerically. The top and bottom walls are thermally insulated, while the inner and outer cylinders are maintained
at uniform temperatures. The inner and outer cylinders are maintained at isothermal but different temperatures, while the top and
bottom walls are assumed to be adiabatic. The governing equations along with the boundary conditions are solved numerically using
the finite volume method. SIMPLER and TDMA algorithms are used to find solution. The numerical results for various governing
parameters of the problem at onset oscillatory state are discussed in terms of streamlines, isotherms and isobars in the annulus. These
parameters are Hartmann number, inclination angle and radii ratio. The inclination and radii ratio of annulus have a significant effect
on the stabilization of the magneto-convective flow, and shows that the best stabilization of oscillatory natural convection is obtained

for strongest intensity of magnetic field, high radii ratio and at the inclination of the annulus y= 30°.
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Nomenclature

Ar aspect ratio = H/D (-) w* axial velocity, m.s?

Bo magnetic field intensity, Tesla u,w  dimensionless radial and axial velocities,
B: radial magnetic field, Tesla

D lengths (m)

respectively (-)

Greek symbols

F Lorentz force, N.m a thermal diffusivity of the fluid, m?.s?
g gravitational acceleration, m.s? B thermal expansion coefficient of the fluid, K
H height of enclosure, m Y inclination of annulus, °
Ha number of Hartmann (-) A radii ratio(-)
J density of electric current, A.m K thermal conductivity, m?/s
Nu  number of average Nusselt (-) p fluid density, kg.m3
P dimensionless pressure (-) t time, s
Pr number of Prandtl (-) c electric conductivity, Q1.m*
Ra number of Rayleigh (-) v kinematic viscosity of the fluid, m?.s?
"7 radial and axial coordinates, y dimensionless stream function (-)
respectively Indices
riro inner and outer radii, m Cr criticize
t dimensionless time (-) ¢ cold
At increment of dimensionless time (-) EM  electromagnetic
T"  temperature, K H hot
rz radial and axial directions, respectively

dimensionless temperature (-)

u* radial velocity, m.s!



1. Introduction

Hydromagnetics or frequently used by the term of
MHD is the dynamics of magnetic fields in the
electrically conducting fluids such as liquid metals.
Based on the know that conductive flow can
support magnetic fields.

The investigation of magnetic field effects has
important interest in the practical fields due its
applications in engineering and industry. These
applications include high temperature plasmas,
cooling of nuclear reactors, MHD power
generators, liquid metal flow control, micro MHD
pumps, biological transportation, drying processes
and solidification of binary alloy... etc.
Hydromagnetics studies have a varied and wide
application in channel and cavities, which explains
the number of research found in this field with the
consideration of different aspects.

In the present decades, problems of natural
convection are the study object of many
researchers. It is used by various industries as the
design of heat exchangers and to make solar cells.
Natural convection in a annular geometry are
studied by some researchers such as Afrand et al.
(2014a), Kakarantzas et al. (2014), Mebarek-
Oudina and Bessaih (2016), Afsar Khan et al.
(2016), Sankar et al. (2006)...etc

Kakarantzas et al. (2011) studied MHD natural
convection of a melt in a vertical annulus with a
flow driven by the volumetric heating and
difference temperature in cylindrical annulus. The
flow becomes laminar but loss their axisymmetry
with the intensity of magnetic field.

Afrand et al. (2014b) in their investigation of fluid
flow with the application of a magnetic field in an
inclined cylindrical annulus, the overage Nusselt
number decrease with the value of Hartmann
number in the case where the magnetic field is
perpendicular to the axis of annulus.

Teimouri et al. (2015) numerically investigated
natural convection flow of molten potassium in a
long horizontal annulus under the effect of radial
magnetic field. The influence of magnetic field is
reduced by the increasing of radii ratio.

Anil Lal et al. (2013) simulated the flow of natural
convection inside a vertical cylindrical annulus
closed at the top and opened at the bottom. A hot
fluid is maintained below the open-end temperature
while the outer cylindrical surface of the annulus is
cooled to a low temperature. Their found that heat

transfer through the annulus is subjected to sharp
spatial variations. Also, the correlation for average
Nusselt number and volume rate of flow is a
function of Rayleigh number and percentage gap
ratio.

Wrobel et al. (2010) experimentally and
numerically analyzed convection in an annular
enclosure with a round rod core and a cylindrical
outer wall filled with paramagnetic fluid. They
found that the magnetic field influences and yields
heat transfer more efficiently than the thermal
Rayleigh number.

Singh et al. (2012) analytically obtained the exact
solutions for fully developed natural convection in
open-ended vertical annuli under the effect of radial
magnetic field. They showed the possibility of
control the behavior of the fluid flow by the
strength of the magnetic field and space between
the cylinders. In another research, Singh et al.
(1997) revealed that if the gap between cylinders is
less than or equal to the radius of inner cylinder, the
velocity and temperature of the fluid are higher in
case of isothermal condition compared to constant
heat flux case while reverse phenomena occur for
the others gaps.

Sawada et al. (1993) experimentally investigated
natural convection in concentric horizontal annuli
containing magnetic fluid under varying magnetic
fields. The effects of direction and the strength of
magnetic fields are clarified. A wall-temperature
distribution is observed when a magnetic field
gradient is applied in the same direction as the
gravity, while the reverse natural convection occurs
if the magnetic field gradient is applied in the
opposite direction of the gravity.

Metal cooled reactors usually use molten metals
such as sodium, potassium or a combination of
sodium and potassium for their immense heat
transfer properties so that the reactor can be
maneuvered at much higher temperatures and lower
pressures. The aim of the present work is to
investigate natural convection stability in an
inclined annulus filled with molten potassium under
radial magnetic field.

This numerical model is chosen for its various
applications in the engineering and industry. The
problem of nonlinear governing differential
equations is solved by the finite volume method.

To our knowledge, the effect of inclinations of the
cylindrical annulus on the oscillatory natural



convection under radial magnetic field has never
been studied. The study is carried out in oscillatory
state, for different cases: inclination of the annulus
(y= 0°, 30°, 60° and 90°), radii ratio, A<6 and under
different intensity of radial magnetic field. The
criticize Rayleigh number Racr and corresponding
frequency, Frcr associated with different inclination
angles of annulus vy, radii ratio and Hartmann
numbers are determined in each case and discussed.
The paper is organized as follows: Section 2
presents the geometry and  mathematical
formulation. The numerical procedure used for the
computation is given in Section 3 ; Section 4
discusses the grid effect and validation code; The
results and discussion are available in Section 5.
Finally, the conclusions are given.

2. Geometry & Mathematical Description

The geometry used in the present work is a
cylindrical annulus formed by two cylinders of
inner and outer radii, ri and ro, respectively as
shown in Fig.1. The outer and inner cylinders are
maintained at isothermal but different temperatures,
Tc and Tw, respectively. The bottom and top walls

are assumed to be adiabatic. The annulus is filled
with a molten potassium (Pr = 0.072). The two-
dimensional cylindrical coordinates (r, z) with their
corresponding velocity components (u, w) are
explicated in Fig.1. The inclination of the annulus is
also considered, with a varying angle y. It is
necessary to note that in Fig.1, y is the angle of
incline, g is the gravity acceleration and Bo is a
uniform magnetic field, which is applied
orthogonally to the r-direction. All walls are
assumed to be electrically insulated. Also, we
assume that the induced magnetic field produced by
the motion of an electrically conducting fluid is
negligible compared to the applied magnetic field
Bo. By using D?/v, D =rori, o/D,T -T&,
(/D) as typical scales for time (s), lengths (m),
velocities (m.s?), temperature (K) and pressure (N.
m?), respectively. The equations governing
Newtonian, viscous, steady, laminar, electrically
conducting and incompressible  fluid  with
Boussinesq approximation, after neglecting viscous
and Ohmic dissipations in two-dimensional
cylindrical co-ordinates (r, z), are written in
dimensionless form as follows:

Fig. 1. Configuration of physical problem, S;, S,, Sz and S, are local positions of the monitoring points.
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Equation of dimensionless energy:
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The dimensionless variables used in the present
work are defined as follows:
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where Femr is the Lorentz force component in r
direction, which is determined using the equation: F
= J x B, where B and J are the magnetic field and
electric current vectors, respectively (Mebarek-
Oudina & Bessaih, 2014). The expression of this
component is:

Feny=—Ha’-u ®)

The magneto convection problem in an cylindrical
annulus is, therefore, governed by the following

98(Ty —Tc )D*
19104

dimensionless parameters: Ra = is

1%

the Rayleigh number, pr== is the Prandtl

o

number, and Ha=By-Dy/o/pv the Hartmann

number, which indicate the ratio of the
electromagnetic forces to the viscosity forces. Here
the Hartmann number is due to radial magnetic

field, 4 :rr_o the radii ratio and A, :% the aspect
i

ratio.

where, a:K/pCp is thermal diffusivity of the

liquid, « is the thermal conductivity, C, its

specific heat to constant pressure, o is the electrical
conductivity and o is the kinematic viscosity of the
fluid.

The above equations are solved subject to the
following initial and boundary conditions:

att=0,u=w=T=0 (6)
for t >0,

at z=%:u :W:O,aa—T =0 Top adiabatic wall (7a)
Z

atz=0: U=w=0 ,‘Z—T=0 Bottom adiabatic wall (7b)
Z

at r=1: u=w=0,T=0 Coldinnerwall (7c)
at r=2:u=w=0, T=1 Hotouter wall (7d)

The average Nusselt number at the hot cylindrical
wall is expressed as:

_ 2
Nu|,_y = [Nu - dz (8)
1

. oT
where, the local Nusselt number is Nu = —

Mo
The stream function is defined as:
u= W ,W= oy 9
0z or

3. Numerical Procedure

In this work, a FORTRAN computer code is
developed and applied. The governing equations
along with the boundary conditions are solved
numerically using the finite volume method. The
scalar quantities are stored at the center of control
volume, while the vectorial quantities are stored on
the faces of each volume.

The convection and diffusion terms in the
governing equations are discretized with a second-
order central difference scheme. The SIMPLER and
TDMA algorithms are used to determine the
pressure from continuity equation and to solve the
coupled systems of discretized equations,
respectively. (Patankar, 1980). The convergence is
confirmed as soon as the maximum relative
variation between two consecutive iteration levels
fell below than 10°°.

The irregular grid with the increments Ar and Az
are selected according to geometric progressions of
ratio equal 1.07, to determine the specific
characteristics of the magnetohydrodynamic flow
and reduce numerical errors.

4. Grid effect and Validation

Various grid sizes are inspected to ensure grid
independence results. The tested grids are
demonstrated in Fig. 2. The results are achieved for
inclined annulus with A, = 3, 2 = 6.0 and y = 30°
containing low Prantdl number fluid, Pr = 0.072.
Also, Rayleigh numbers and Hartmann are 107 and
40, respectively.

The grid independency tests are presented in Fig. 2
which includes the radial distribution of
dimensionless temperature T at the middle of the
annulus for different grids. We can see that the low
relative error occurs between the two meshes 102 x
102 and 142 x 142. It does not exceed 2% indicated
that it gives the same numerical solution of the
problem. So, the grid used has 102x102 nodes. This
grid is considered to show the greatest compromise
between computational time and precision.
Calculations are obtained by a PC with a 3 GHz
CPU. Thus, the average computing time for a
typical case is about 3 hours.
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Fig. 2. Profiles of dimensionless temperature T with r at the middle of the annulus for different grids.
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Fig. 5. Time evolutions of the dimensionless radial velocity, u at monitoring point Ssand y = 30°. Comparison is made between two
time steps for Rac,= 4x10°, =6 and Ha = 0.
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In order to approve our numerical results,
simulations of the present model are compared with
the existing results accessible in the literature.

In the absence of magnetic field, the numerical
results for different Rayleigh numbers are obtained.
A good agreement is found between our numerical
data and thus of De Dahl Davis and Tomas (1969),
Kumar and Kalam’s (1991), Sankar et al. (2006)
and Afrand et al. (2015). The comparison is
illustrated in Fig. 3, where the trend of the overall
heat transfer rate increases with Ra, in the same
manner with the approximated curves for all
references.

In the presence of magnetic field, our code is
validated with that of Sankar et al. (2006) and the
comparison is presented in Fig. 4.

The heat transfer is suppressed by the
application of magnetic field. From the equation
(8), we can calculate the average local Nusselt
number on the hot wall. With the increase of Ha,
the value of Nusselt numbers decreases.

This result is the same to the result found by
Sankar et al. (2006). Fig. 4 reveals a good
agreement between our results and that of Sankar et
al. (2006).

5. Results and Discussion

In this work, a numerical investigation of MHD

natural convection stability of an electrically
conducting fluid in an inclined cylindrical annulus
with isothermally heated and cooled vertical walls
and adiabatic top and bottom walls is presented.
Simulations are carried out for value of Hartmann
number (0 < Ha <80), inclination angle (0 <y <90)
and molten potassium (Pr = 0.072).
The annulus of radii ratio 1 = 6, and aspect ratio Ar
= 3 is applied in industries as well as the tubing
industry, heat exchangers, power generation and the
like. (Kakarantzas et al. (2011), Afrand et al.
(2015))

5.1 Results without Magnetic Field

The origin of the instability is the interaction
between the central vortex and the smallest
vortices.

The major objective of the work is to detect the
criticize Rayleigh number Rac;, starting from which
the flow becomes oscillatory. Successions of
numerical calculations are carried out by increasing
the Rayleigh numbers to obtain the physical
instabilities, after the elimination of numerical
instabilities. The oscillations amplitudes stay the
same ones at two dimensionless time step At and
At/2, for the physical instability. (Mebarek-Oudina,
2007)

Fig. 5 presents example of test At used in this study
for Ha= 0, y = 30° and A=6. The results of both
dimensional time steps At, At/2 are in quite good
agreement.

Fig. 6, shows the time evolution of the
dimensionless temperature T, stream function v,
radial velocity u and axial velocity w respectively at
the probe S; for Rag = 4x10° and y = 30°. The flow
oscillates in a simple periodic manner around the
averaged values. All quantities used at this probe of
the fluid domain are characterized by a particular
signal. We note that the temporal resolution effects
are investigated by using successive time steps until
no differences are observed in the amplitude of
oscillations. As expected, the amplitude of the
dimensionless temperature T is smallest compared
to other dimensionless quantities u, w and .

The phase portraits are used during calculations to
ensure that the amplitudes are uniform or, the
sinusoidal character of temporal evolutions.
Generally, they are used to inspect an intuitive and
reliable of the movement regime.

Tories or phase portraits are closed loops with
dominant harmonics, which means that the quasi-
periodic flow regime is reached. The Fig. 7 presents
the dimensionless velocity components in the phase
planes (u,w) at the probe S3 for y=30° and A=6.
Thereby, the oscillatory character seen on the
curves of time evolution is justified by the cyclical
variation manner of the different parameters.

The oscillation frequency for the criticize value is
determined using discrete Fourier transform of a
certain number N, which has to be a power of 2.
This transform is multiplied by the half of its
conjugate quantity to obtain the power spectrum
density (E) as a function of the oscillation
frequencies F, defined by F = M/(NAt), where At is
the dimensionless time step and M = 0, 1, 2...N/2.
The values of E(F) represent several scales of sizes;
in this case we use the decimal logarithm. Note that
in this work, the peak of the energy spectrum,
which corresponds to the major frequency F¢ for N
= 2% and At = 2 x10% (Fig. 8), shows the criticize
frequency of oscillations for this case of oscillatory
flow, here equal to 69.33 (Mebarek-Oudina &
Bessaih, 2014). In order to explain the nature of the
flow oscillatory, we join the temporal evolution of
the dimensionless radial velocity u at probe Ss
during one period with evolution of the flow
structure (streamline and isotherm) at various
dimensionless times: t,, tp and t;, for Racr = 4x106, y
= 30° A =6 and Ha = 0 (Fig. 9). The flow field
presents many cells. Size of these cells dilate and
narrow gradually during the time (ta, t, and tc).
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Fcr=69.3
0.003

0.002

0.001

LOG (PSD/NZech)

000l
65 70 75 80 85 90 95

Freauencv. F

Fig. 8. Power spectrum of the dimensionless
radial velocity component u, for Rac, =4 x10%, y
=30° and Ha = 0. Fr¢, = 69.33, represent the
dimensionless criticize frequency.
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At time t, the structure characterized by
recirculation cells (dashed lines) in middle with a
positive mass flow and another secondary
recirculation cells located at the two sides of the
annulus. We note that, the streamlines structure at
the time t, is identical at the time t;, which means
that the oscillatory flow is periodic.

Variation of the maximum stream function of the
fluid with cavity inclination for A=6, 4,=3 and
Ha=0 is shown in Fig. 10.

The effect of inclination on the stream function is
clearly shown in this figure. This illustrates the
relative insensitivity of the maximum stream
function with inclination angle.

At different cavity inclination, the stream function
Wmax INCreases with inclination angles and it’s the
result of stronger buoyancy forces in the higher
inclination of annulus.

5.2. Results with Magnetic Field

5.2.1. Effect of Magnetic Field

The magnetic field effect is introduced into the
equations of momentum and potential through the
Hartmann number. The radial magnetic field has a
good ability to stabilize the convective flows, where

the radial Lorentz force slows the velocity of
particles.

To give the radial magnetic field effect on

oscillatory flow in inclined cylindrical annulus, we
are presented the evolution of criticize Rayleigh
number and corresponding frequency for different
Hartmann number with inclination angle of
annulus, y = 30°, Ar=3 and A = 6, (Fig. 11). It can be
seen that the variation of the Hartmann number
have a significant effect on the stabilization of the
flow. From this figure, the criticize Rayleigh
number and its corresponding frequency increase,
with the increase of Hartmann number.
It is clear that the best stabilization is found for
strongest magnetic field, Ha = 80. Moreover, for all
inclination angles the effect of the magnetic field
on natural convection stability of fluid has almost
the same trend.

5.2.2. Effect of Radii Ratio

At onset of oscillatory state of the flow detected for
criticize Rayleigh number and fixed dimensionless
time, the stream lines, isobars and isotherms for
various values of A, Ha =40 and y =30° are shown
in Fig. 12.
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Fig. 11. Evolution of criticize Rayleigh number Rac, and corresponding frequency Frc, for different value of Hartmann number.
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Fig. 16. Streamlines and isotherms at onset of instability for different inclination angles, =6, 4.=3 and Ha = 40.

Figure 12 shows the radii ratio effect on the flow
patterns, isobars and isotherms in the annulus.

As shown by this figure for all radii ratios (1), the
isotherms are parallel with few deformations for
each radii ratio. The pressure is low on the right of
annulus, and high at left. Lines at constant pressure
are approximately vertical in both cases. At certain

10

point, pressure gradients are high and capable of
overcoming buoyancy; the flow is separated to
create the secondary vortex cells.

With the increase of radii ratio (1), the isobar lines
become parallel and the value of isobars decrease.



The natural convection is reduced by the
application of stronger magnetic field and/or with
the increasing of radii ratio.

Also, for each radii ratio the flow is characterized
by a special stream lines. In this figure the results
are presented and arranged in order to demonstrate
clearly the effect of radii ratio. Figure 13, presents a
stability diagram (Racr-Ha) for various values of
radii ratio and inclination angle of the annulus y
=60°, it is clear that the best stabilization is found
for higher radii ratio, A = 6, for all Hartmann
numbers used in this investigation.

With a good observation of this stability diagram,
we remark that the radii ratio is more effective to
stabilize the flow than the intensity of the magnetic
field.

With increasing radii ratio, the effect of magnetic
field on natural convection reduces.

For example; the value of Rac, for A= 2 and Ha < 40
is inferior or of the order to that for A = 4 without
magnetic field.

From Fig. 13, the best stabilization is found for
higher radii ratio and strongest magnetic field.

5.2.3. Effect of inclination angles

In this case, the results are arranged and presented
in order to demonstrate clearly the effect of
inclination angles.

Figure 14, shows a comparison between the case of
different inclination angles, radii ratio A = 6 and
radial magnetic field (Ha= 0, 10, 20, 40 and 80). It
is clear that the best stabilization is found where the
inclination of annulus equals a y= 30°.

For all inclination angles of annulus, the increasing
of criticize Rayleigh number with the values of
Hartmann number. This growth is very clear for the
case of y=30°.

Variation of the maximum stream function of the
fluid with cavity inclination for 1=6, A4,=3 and
Ha=40 is shown in Fig. 15. The same result found
without magnetic field is obtained with the
application of magnetic field. Furthermore, for all
radii ratio and Hartmann numbers, the effect of the
maximum stream function on the inclination angles
of annulus has almost the same trend.

Fig. 16 shows clearly the effect of inclination
angles of annulus for isotherms and streamlines. At
onset of oscillatory instability, Ha= 40 and A=6, the
isotherms and streamlines distributions are
presented at various inclination angles from y = 0°
toy =90°.

Inspection of isotherms in various inclination
angles makes it clear, the isotherms are
perpendicular at y = 0° and 60°, parallels with few
deformations for y = 30° and parallels with an
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persistent deformations for 90°. The isotherms
show how the motion is driven.

With the presence of radial magnetic field (Ha =
40), the temperature field is very significant. Fig.
16 shows the existence and the predominance of the
convective mode compared to the diffusive mode
for » = 0° 60° and 90° (deformation of the
isotherms).

The iso-contours pattern of dimensionless stream
function is characterized by one large cell with
positive quantities for y = 90° and 60°, and negative
quantities for y = 0°. For y = 30°, two small cells
with positive quantities appear in the middle of
annulus.

In the center of cells locates the maximum and
minimum lines of stream function. With the
increase of inclination angles, the maximum stream
line increases.

6. Conclusion

A computer code is applied to study the MHD
natural convection processes in cylindrical annulus
cavity. The effect of the criticize Rayleigh number,
the Hartmann number, inclination angles of annulus
and the radii ratio are investigated and the
following results are achieved:

e The natural convection stability inside the

annulus depends strongly on the radii ratio,
strength of the magnetic field, inclination
angles, and criticize Rayleigh number;

e The best stabilization is found for the inclination

angle of annulus, y= 30°;

e With the increasing of radii ratio, the value of

isobars decrease;

e The increasing of the criticize Ra numbers and

corresponding frequencies with the values of the
Hartmann number. For various inclination
angles, radii ratios and the magnetic field
directions used in this study, the magnetic field
has a stabilizing effect for this kind of flow;

e The increase of radii ratio is more effective to

stabilize the flow than the intensity of the
magnetic field;

e For all cases, the stream function ymax increases

with inclination angles;

e The best stabilization of oscillatory natural

convection is obtained for strongest intensity of
magnetic field, high radii ratio and at the
inclination of the annulus y= 30°.
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